We consider efficiency at maximum work extraction via quasi-static processes when the heat source and the sink can be modelled as identical thermodynamic systems at different initial temperatures T + and T − , respectively. Though the efficiency, in general, depends on the fundamental relation describing these systems, we find that for small values of δT ≡ T + − T − , the efficiency is function only of the ratio of initial temperatures. We also model different sizes of source and sink by combining copies of the same thermodynamic system. The efficiency of this process in nearequilibrium regime is η 0 = η C /(2 − γη C ), where η C is the Carnot efficiency and parameter γ depends only on the relative size of the source and the sink. It follows that in this setup the efficiency at maximum work is bounded from below and above as η C /2 ≤ η 0 ≤ η C /(2 − η C ). These bounds are the same as obtained for efficiency at maximum power in certain finite-time models of heat engines.
Bounds on the performance efficiency of idealized processes have contributed deeply in our understanding of laws of nature. For example, Carnot established a universal upper bound (η C ) on the efficiency of heat engines working between two heat reservoirs, which can be achieved by any reversible cycle. Although Carnot's seminal work dates back to 1824, understanding analogous general criteria in finite-time models of thermal machines has gained momentum only recently. A widely studied quantity in heat engines is the efficiency at maximum power, η mp . Here the irreversible, finite-rate mechanisms of heat exchange have been modelled within different frameworks like endoreversible models [1, 2] , linear irreversible thermodynamics [3, 4] , stochastic thermodynamics [5] , low-dissipation assumption [6] and so on. Many of these models yield the following formula for the efficiency at maximum power:
Here the real parameter γ depends on the details of the particular model and may vary in the range 0 ≤ γ ≤ 1. So the above expression also yields definite bounds for η mp :
As an example, under the low-dissipation assumption [6] , the upper bound is achieved at maximum power when the time allocated for the cold contact τ − is very small compared to the time for the hot contact τ + . The lower bound is achieved for the opposite situation: τ + << τ − . On the other hand, Ref. [4] derives these bounds from different assumptions based more on the principles of linear irreversible thermodynamics.
Further, in some of these models [5, 7, 8] , a dependence has often been observed for small values of η C , given by η mp = η C /2 + (η C ) 2 /8. While the first term is justified for tightcoupling engines within linear irreversible thermodynamics [3] , the second order term is beyond linear response and holds only under further conditions of "left-right" symmetry [8] .
Although based on simple models, the comparison of the above bounds with efficiencies of real thermal plants looks promising [6] . Still the general conditions, under which these bounds apply, are not clear. Are these valid only close to equilibrium? The low-dissipation model is valid close to reversible limit with long cycle times. On the other hand, in Ref.
[4] such assumption does not seem relevant, although one might expect that validity of linear irreversible thermodynamics suggests proximity to equilibrium. In any case, previous approaches involve explicit time-dependence and an optimization, over the times of thermal contacts, seems to play an important role in the analysis.
In this paper, we consider a quasi-static process (where in principle no time dependence is invoked) of work extraction [9] [10] [11] [12] from two similar, finite systems acting as heat source and sink. We show that for small temperature differences, the efficiency at maximum work is independent of the reservoir model and depends only on the ratio of initial temperatures.
Further, we show that the same bounds as described above, also apply to efficiency at maximum work and interpolation between the two bounds is realized by taking source and sink of different relative sizes.
We consider two identical thermodynamic systems, each described by the same fundamental relation U ≡ U(S, V, N). Here U, S, V and N denote the internal energy, the thermodynamic entropy, the volume and the number of moles for the system. Assume the systems are initially at different temperatures T + and T − , where T + > T − . Correspondingly, their initial entropies are labeled as S + and S − , respectively. For simplicity, we assume V and N to be the same for both systems. For sake of brevity, we shall omit the labels V and N and denote internal energy solely as U(S). The total energy is taken as the sum of energies of individual systems.
Now we consider the classic textbook problem [10, 11] in which work is to be extracted by alternately coupling these systems with a reversible work source. The total entropy of the systems is to be kept conserved. Thus at any stage of the process, if S 1 and S 2 are the entropies, then S 1 + S 2 = S + + S − . Note that no description enters about the working medium which is assumed to undergo a cyclic process. Thermodynamics also tells us that we can extract work so long as the temperatures of the two systems remain different. Due to extraction of heat from the hotter system and dumping of unutilized heat into the colder system, their temperatures gradually approach each other and so the process must terminate.
In the final state, the entropies of both systems are equal, say S c . Thus
Therefore, the maximum extractable work from the systems, due to temperature gradient, defined as the difference of initial and final total energies, is
The heat absorbed by the work source from the hot system is Q + = U(S + ) − U(S c ).
Now we are interested in the efficiency of this process, η 0 = W 0 /Q + . We shall prove that if the initial temperature difference is small, then the efficiency is independent of the nature of the reservoirs (as specified by the fundamental relation).
We shall use an important property of thermodynamic functions, which states that energy is a homogeneous function of degree one of its arguments [10] . This implies:
where α is a scaling factor. Then the efficiency can be written as
Now we assume that the initial temperature difference δT = T + − T − is small. This implies that the entropy difference δS = S + −S − is small too. Treating entropy as the basic variable, we expand internal energy as a Taylor's series upto second order in δS:
and
where all partial derivatives are evaluated at fixed values of V and N. Now notice that
which is the intensive property of temperature defined as T = ∂U /∂S. Secondly, we have
Using the above conditions, we can write Eqs. (4) and (5) as
Then we substitute Eqs. (8) and (9) in (3). Denoting (∂T /∂S) S=S + = T ′ and upon simplifying, we get an approximate expression for efficiency at maximum work as:
We can identify T ′ δS ≡ δT , whereby η 0 = 2δT
The behavior of the efficiency at maximum work from two finite and similar thermodynamic systems is found to be universal in that it depends only on the ratio of initial temperatures and is independent of the nature of the systems modelled as the heat source and sink [13] .
Further, the above efficiency corresponds to the universal behavior upto second order in Carnot efficiency:
To further see how this efficiency generalises to different-sized heat source and sink, we consider m copies of the system (hereafter referred to as subsystem) in mutual equilibrium at initial temperature T + . These subsystems taken together constitute the heat source.
Similarly, let n copies of the subsystem at initial temperature T − together make up the heat sink. Again S + (S − ) is the initial entropy of a single copy of the subsystem comprising the source (sink).
As before, we consider a reversible process in which the total entropy is conserved at any stage. Using the additive property of entropy, we have: mS 1 + nS 2 = mS + + nS − . Finally, the two systems achieve a common temperature. The entropy of every subsystem in the final state is:
Using the homogeneous property of the energy function U(S), the maximum extracted work is given by
Heat absorbed from the source by the engine is
Then the efficiency of this process is
Now let the initial temperature difference be small, whereby the entropy difference δS, is also small. Then we can expand U(S − ) about S = S + , as in Eq. (4) above. Analogous to Eq. (5), we have the following series upto second order:
The above series can be simplified to
Substituting Eqs. (4) and (18) in (19) and upon simplifying, we get
which contains the previous case of equal sized systems (m = n). Further, upto second order in η C , we can write:
Though the linear term is universal, the second order term depends on the source and sink characteristics. However, this term gives the 1/8 coefficient when there is a certain symmetry, i.e. m = n. Also note the similarity of the above expression with Eq. (1). Here we can discuss two limiting cases. To model a sink that is much larger than the heat source, we take n ≫ m. In this case the efficiency tends to
On the other hand, if the source is much larger compared to the sink (m ≫ n), then
Thus for different relative sizes of the heat source and the sink, the efficiency at maximum work extraction for small temperature differences, is bounded as follows:
We may instead consider two non-identical thermodynamic systems described by their respective fundamental relations U 1 (S 1 ) and U 2 (S 2 ). Then upon considering expansions upto second order in entropy, the efficiency at maximum work is universal only upto the linear term as η C /2, while the second order term is in general dependent on the nature of the source and the sink considered. However, as we have seen in the construction above, different fundamental relations do not seem necessary. Only the fact of different sizes of source and sink based on single fundamental relation is enough to break the symmetry between the source and the sink and consequently the loss of universality in the efficiency at second order.
Concluding, the generality of Carnot efficiency lies in the fact that it is independent of the nature of the working medium and depends only on the ratio of reservoir temperatures.
Of course, a reservoir in Carnot-like or any reversible heat cycle is characterized only by its fixed temperature. On the other hand, the efficiency at maximum work from a finite source/sink setup, as given by expression (3) The present analysis shows that the form of efficiency at maximum work (in quasi-static regime) from finite-sized heat source and sink, is similar to that found at optimal power output of heat engines interacting with reservoirs for a finite time. Further, the bounds in the present framework hold close to equilibrium. To the best of our knowledge, the above bounds have not been noticed in literature in the context of a quasi-static work extraction, although they have been much studied within the framework of finite-time thermodynamics. The validity of these bounds in the quasi-static regime suggests that at least in near-equilibrium situations, the assumption of time-dependent processes is not necessary to derive these bounds.
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